Introduction {#Sec1}
============

In models of transport phenomena, the mass-transfer rate at a given location is ascribed to diffusion, convection (or advection), reaction, and sources/sinks, which are ubiquitous in a plethora of natural and engineered processes. Diffusion can be described mathematically by using the transition probability describing locally hopping molecules^[@CR1]^, random fluctuating forces satisfying the dissipation-fluctuation theorem^[@CR2],[@CR3]^, and random walk phenomena caused by irreversible increases in entropy^[@CR4],[@CR5]^. Convective transport originates from the motion of solute-carrying fluid, as obtained from the continuity equation. A chemical reaction is depicted as a continuous transformation of solutes toward a chemical equilibrium in a bulk phase. Finally, source and sink functions are ascribed to transporting masses that are either created or annihilated at specific locations in the environment. Obtaining rigorous solutions of the coupled phenomena is of great importance in various scientific and engineering disciplines. In past decades, analytic approaches to the coupled transport phenomena has been limited to coupled advection -- diffusion without reactions: 1D unsteady in an open channel with spatially varying velocity and diffusivity^[@CR6]^, 3D steady in a planetary layer (semi-analytic)^[@CR7]^, and 1D unsteady with variable coefficients in semi -- infinite media^[@CR8]^.

A full mathematical expression of the above four mass transfer mechanisms is known as the convection-diffusion-reaction-source (CDRS) equation, wherein a sink can be expressed as a negative source. Specifically, a 1D-unsteady CDRS equation may be written as$$\documentclass[12pt]{minimal}
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                \begin{document}$${V}_{0}$$\end{document}$ are the constant diffusion coefficient and convective velocity, respectively, $\documentclass[12pt]{minimal}
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                \begin{document}$$S(x)$$\end{document}$ is a source function. Because Eq. ([1](#Equ1){ref-type=""}) is a parabolic partial differential equation, if Dirichlet boundary conditions (BCs) are assumed, a specific solution depends on an initial condition (IC) expressed as $\documentclass[12pt]{minimal}
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                \begin{document}$${x}_{0} < {x}_{1}$$\end{document}$ is given for convenience. For example, Dirichlet-type conditions of finite $\documentclass[12pt]{minimal}
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                \begin{document}$${C}_{1}\mathrm{=0}$$\end{document}$ indicate a non-zero concentration at the inlet and a perfect sink of the transferring mass at the outlet, respectively. In contrast, if a semi-infinite domain is considered such as $\documentclass[12pt]{minimal}
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                \begin{document}$${[\partial C/\partial x]}_{x={x}_{1}}\to 0$$\end{document}$, which is typically known as the zero-flux or exit BC. In the applied mathematics literature, a number of unsteady diffusion problems have been solved analytically using Green's function and Laplace transform (LT) techniques^[@CR9]^ with convection phenomena often discarded, especially, in long-term diffusion phenomena. For mathematical simplicity, Eq. ([1](#Equ1){ref-type=""}) can be rewritten as$$\documentclass[12pt]{minimal}
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                \begin{document}$$L$$\end{document}$ is the length scale of the spatial domain, Pe is the Peclet number, and the factor 2 of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ is for mathematical convenience. In groundwater research, 1D sub-surface domains are either bounded $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0 < \xi  < 1)$$\end{document}$ or semi-infinite $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0 < \xi  < +\,\infty )$$\end{document}$. In this dimensionless analysis, the inverse time scale $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\tau }^{-1}$$\end{document}$ and the dimensionless reactivity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa $$\end{document}$ quadratically increase with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L$$\end{document}$, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau \propto {L}^{-2}\,{\rm{and}}\,\kappa \propto {L}^{2}$$\end{document}$ so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa \tau $$\end{document}$ is independent of the domain length scale, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L$$\end{document}$. In the limit of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L\to \infty $$\end{document}$, an effect of diverging $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ in Eq. ([2](#Equ2){ref-type=""}) is often nullified by the induced zero-flux condition at the outlet.

In this work, a general analytic solution of the CDRS Eq. ([1](#Equ1){ref-type=""}) is obtained by using a one-sided LT without conducting the inverse LT explicitly. The steady-state solution, denoted $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$ {\mathcal L} [\phi (\xi ,\tau )]$$\end{document}$ in the complex domain. Several representative examples available in the literature were reproduced to confirm the analytical rigor and numerical accuracy of the current method. The current solution method, however, still contains a discontinuity due to the discrepancy between the IC and BC(s) at boundaries, which can be technically resolved by using a Fourier series.

Convection-Diffusion Problems Revisited {#Sec2}
=======================================
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Solution for Dirichlet Boundary Conditions {#Sec3}
------------------------------------------

To verify the current analytic method, a specific example of Carslaw's work^[@CR10]^ is selected: $\documentclass[12pt]{minimal}
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This problem is extended for non-zero values of $\documentclass[12pt]{minimal}
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(See the Supplementary Information for detailed derivations.) In Eq. ([8](#Equ8){ref-type=""}), the first term on the right-hand-side represents the spatial variation of $\documentclass[12pt]{minimal}
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The inverse Laplace transform (iLT) is often challenging to obtain both analytically and numerically, owing to the sophisticated nature of singularity identification^[@CR9],[@CR10]^ and numerical sensitivity depending on specific algorithms applied. The uniqueness of the current approach is that the IC is used not only for the LT of the dimensionless governing Eq. ([36](#Equ36){ref-type=""}) but also for the derivation of the unsteady part of the analytic solution without directly performing an iLT.

Solution for Mixed Dirichlet-Neumann Boundary Conditions {#Sec4}
--------------------------------------------------------

The approximate semi-unbound system is investigated by considering a Neumann-type BC at the outlet (instead of $\documentclass[12pt]{minimal}
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Solution for a full CDRS equation with spatially varying source function {#Sec5}
------------------------------------------------------------------------

As discussed above, the analytic solution of the CDRS equation is subject to finding the steady-state solution corresponding to $\documentclass[12pt]{minimal}
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Figure [9](#Fig9){ref-type="fig"} shows reasonably good agreement between the present theoretical work and Zhong *et al*.'s simulational results^[@CR12]^, which predict spatial variation of $\documentclass[12pt]{minimal}
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A more complex form of a source function can be represented using multiple terms or a Fourier series. As the general solution for a source function of Eq. ([23](#Equ23){ref-type=""}) is obtained in this study, it is straightforward to extend the current method for cases of functionally sophisticated source terms as long as the complexity of the functional forms provide no more than one non-zero singularity pole. In other words, because a linear combination of $\documentclass[12pt]{minimal}
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Method {#Sec6}
======

Solution Procedure of a CDRS Equation {#Sec7}
-------------------------------------
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                \begin{document}$$sup$$\end{document}$ indicates the supremum. This Tauberian theorem for the LT indirectly supports the current derivation to obtain the steady state solution as both limits of $\documentclass[12pt]{minimal}
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                \begin{document}$$R\to \infty $$\end{document}$ are analytically implemented. In the original work of Talbot^[@CR18]^, the Bromwich integral^[@CR26]^ representation was used to transform the integration path into a parabolic parameterized curve that give fast convergence. An improved algorithm -- at least twice faster than Talbot's work -- was proposed by Trefethen *et al*.^[@CR27]^ with fewer parameters, which are more difficult to compute. A universal observation in the iLT to solve the parabolic partial differential equation such as CDRS equation is as follows: first, numerical algorithms for the iLT are available in the literature, but results are subject to specific parameters to be determined; second, as the iLT deals with theoretically infinite imaginary domain, the numerical accuracy cannot be improved by simply increasing the number of divisions of a real-space integration; and third, a numerical result of the iLT is hard to validate unless it is compared with numerical solutions independently obtained using different methods.

The current method is uniquely applicable to solving the CDRS equation -- especially when the non-trivial steady state exists -- of which mathematical generality needs to be further studied rigorously. Applications of the current method to conventional examples successfully reproduced analytical and numerical results found in literature, especially for cases that the initial concentration and a source function are represented as complex Fourier series or a simpler combination of sinusoidal and hyperbolic functions, of which combination provides a non-zero singularity pole during the iLT.
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